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SUPERCHARACTER THEORIES CONSTRUCTED BY THE METHOD OF
LITTLE GROUPS
SCOTT ANDREWS
Abstract. The method of little groups describes the irreducible characters of semidirect products
with abelian normal subgroups in terms of the irreducible characters of the factor groups. We
modify this method to construct supercharacter theories of semidirect products with abelian normal
subgroups. In particular, we apply this construction to reproduce known supercharacter theories
of several families of unipotent groups. We also utilize our method to construct a collection of new
supercharacter theories of the unipotent upper-triangular matrices.
1. Introduction
The idea of a supercharacter theory of a finite group was introduced by Diaconis–Isaacs in [10]
in part to study groups whose irreducible characters are difficult to index. Loosely speaking, a
supercharacter theory of a group G consists of a partition of G into unions of conjugacy classes
along with a set of characters of G which are constant on the blocks of this partition. The study
of supercharacter theories began with the group UTn(Fq), the group of unipotent upper-triangular
matrices with entries in the q-element field. Classifying the irreducible representations ofG is known
to be a ‘wild’ problem (see [12]). In separate papers, Andre´ ([2, 3]), Yan ([19]), and Diaconis–Isaacs
([10]) construct a supercharacter theory of UTn(Fq) that is relatively easy to work with. Andre´–Neto
produce an analogous supercharacter theory of the unipotent orthogonal and symplectic groups in
[4, 5]. In [7], the author reframes this construction in terms of group actions, allowing for it to be
extended to many subgroups of the unipotent orthogonal and symplectic groups as well as to the
unipotent unitary groups.
Although supercharacter theories have been constructed for many groups and families of groups,
there are few known general techniques for producing supercharacter theories. In [13], Hendrickson
introduces several such constructions, in particular the ∗-product of supercharacter theories. The
∗-product produces a supercharacter theory of a finite group G from a G-invariant supercharacter
theory of a normal subgroup N of G and a supercharacter theory of G/N . Unfortunately, the
resulting partition of G is somewhat coarse, and there is often little information to be obtained
from these supercharacter theories. Recently, in [15], Lang has classified the supercharacter theories
of semidirect products where both factor groups are abelian. Many of the unipotent groups that we
are interested in have nice semidirect product decompositions in which only the normal factor group
is abelian. This observation motivated us to generalize the ∗-product in the case that G = N ⋊H
and N is abelian.
If G is a finite group of the form G = M × N , the irreducible characters of G (denoted Irr(G))
are indexed by pairs (χ,ψ) such that χ ∈ Irr(M) and ψ ∈ Irr(N). If G only admits a semidirect
product decomposition, it is much harder to describe Irr(G) in terms of the irreducible characters
of the factor groups. The method of little groups constructs the irreducible characters of G = N⋊H
in the case that N is abelian. This technique was developed by Frobenius for finite groups and
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extended to topological groups by Mackey in [16]. Specifically, to each ψ ∈ Irr(N) is assigned a
subgroup IH(ψ) of H. The irreducible characters of G are described in terms of pairs (ψ,χ) such
that ψ ∈ Irr(N) and χ ∈ Irr(IH(ψ)).
In [17] Marberg modifies the method of little groups to describe the supercharacters of algebra
groups of the form G = A ⋊ B, with A and B algebra groups and B supernormal in G. We take
a different approach, and look more generally at any finite group of the form G = N ⋊ H with
N abelian. Our construction assigns to each ψ ∈ Irr(N) a subgroup Hψ of H, and to each Hψ a
supercharacter theory. From these choices we construct a supercharacter theory of G where the
supercharacters are described in terms of pairs (ψ,χ) with ψ ∈ Irr(N) and χ a supercharacter
of Hψ. One advantage of our method is that the subgroups Hψ can often be chosen to be nice
groups with well-understood supercharacter theories. Furthermore, it is often easy to modify these
supercharacter theories to obtain coarser or finer supercharacter theories, as we demonstrate in
Section 7.
When applied to the supercharacter theory of UTn(Fq), we obtain a description of the superchar-
acters in terms of supercharacters of nice subgroups of UTk(Fq)× UTm(Fq) for any k and m with
k+m = n. In a sense, this gives an iterative construction of the supercharacter theory of UTn(Fq)
in terms of supercharacter theories of smaller matrix groups. In other types, our method describes
the supercharacters of UO2n(Fq), UOSp2n(Fq), and UU2n(Fq) (the unipotent orthogonal, symplec-
tic, and unitary groups in even dimension) in terms of supercharacters of subgroups of UTn(Fq).
This gives a construction of these supercharacter theories directly from the type A supercharacter
theory.
We review the idea of a supercharacter theory in Section 2. In Section 3 we describe the method
of little groups and develop properties of characters constructed via the method. We present
our general construction in Section 4, and use it to iteratively construct the supercharacters of
UTn(Fq) in Section 5. In Section 6 we reproduce the supercharacter theories of the even-dimensional
unipotent orthogonal, symplectic, and unitary groups. Finally, in Section 7 we construct a collection
of coarser supercharacter theories of UTn(Fq).
2. Supercharacter theories
The idea of a supercharacter theory of an arbitrary finite group was introduced by Diaconis–Isaacs
in [10].
Definition 2.1. Let G be a finite group, and suppose that K is a partition of G into unions of
conjugacy classes and X is a set of characters of G. We say that the pair (K,X ) is a supercharacter
theory of G if
(SCT1) |X | = |K|,
(SCT2) the characters χ ∈ X are constant on the blocks of K, and
(SCT3) each irreducible character of G is a constituent of exactly one character in X .
The characters χ ∈ X are referred to as supercharacters and the blocks K ∈ K are called
superclasses.
For the purposes of this paper we will be mainly concerned with the supercharacters of a su-
percharacter theory, and as such want a description of supercharacter theories only in terms of
characters.
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Let
CF (G) = {f : G→ C | f(x) = f(yxy−1) for all x, y ∈ G}
be the space of class functions of the finite group G. There are two products on this space, the
pointwise product
(fg)(x) = (f · g)(x) = f(x)g(x)
and the convolution product
(f ∗ g)(x) =
1
|G|
∑
y∈G
f(y)g(y−1x).
Each product gives CF (G) the structure of a commutative semisimple algebra, therefore CF (G)
has two natural bases of primitive idempotents (one with respect to each multiplication). The
idempotents with respect to the pointwise product are the indicator functions of the conjugacy
classes, and the idempotents with respect to the convolution product are the characters χ(1)χ,
where χ is an irreducible character of G.
Suppose A ⊆ CF (G) is a unital subalgebra under both products; then A has two natural bases of
primitive idempotents. The idempotents with respect to the pointwise product are the indicator
functions of the blocks of a partition of G into unions of conjugacy classes, and the idempotents
with respect to the convolution product are orthogonal characters of G. This defines a bijection{
Subalgebras of CF (G) under both the
pointwise and convolution products
}
←→ {Supercharacter theories of G},
hence an alternative characterization of a supercharacter theory. In particular, we have the following
lemma.
Lemma 2.1. Suppose that X is a set of characters of Irr(G) such that
(1) the trivial character is in X , and
(2) each irreducible character of G is a constituent of exactly one character of X .
Then there exists a partition K of G such that the pair (X ,K) forms a supercharacter theory of G
if and only if X is a linear basis of a subalgebra of CF(G) under the pointwise product.
Proof. First suppose that such a partition K exists. By the above remarks, the linear span of X is
a subalgebra of CF(G) under the pointwise product.
Conversely, suppose that X is a linear basis of a subalgebra A of CF(G) under the pointwise product.
The algebra A is semisimple and commutative, hence has a basis of primitive idempotents. These
idempotents must be indicator functions for disjoint subsets of G; as the trivial character is in A,
these subsets partition G. Let K denote this partition of G; we have that
(1) |K| = |X |, and
(2) the characters in X are constant on the blocks of K.
By assumption, each irreducible character of G is a constituent of exactly one character in X . 
Lemma 2.1 allows for the construction of a supercharacter theory without reference to the super-
classes.
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Perhaps the most natural method of building a supercharacter theory of a group from superchar-
acter theories of subgroups is the direct product of supercharacter theories. Let G = M ×N , and
suppose that M and N are each equipped with supercharacter theories, denoted (K,X ) and (L,Y).
Define
M = {A×B | A ∈ K and B ∈ L} and
Z = {χ× ψ | χ ∈ X and ψ ∈ Y}.
Proposition 2.2 ([13, Proposition 8.1]). The pair (M,Z) defines a supercharacter theory of G.
The supercharacter theory (M,Z) is referred to as the direct product of (K,X ) and (L,Y).
Suppose that G has a normal subgroup N that is equipped with a supercharacter theory (K,X ).
We say that this supercharacter theory is G-invariant if for each g ∈ G and n ∈ N , n and gng−1
are in the same superclass. Suppose that N is equipped with a G-invariant supercharacter theory
(K,X ) and G/N is equipped with a supercharacter theory (L,Y). Define
M = K ∪ {LN | L ∈ L − {1}} and
Z = {IndGN (χ) | χ ∈ X − {1N}} ∪ {Inf
G
G/N (ψ) | ψ ∈ Y}.
Proposition 2.3 ([13, Theorem 4.3]). The pair (M,Z) defines a supercharacter theory of G.
We refer to this supercharacter theory as the ∗-product of the supercharacter theories (K,X ) and
(L,Y), and write
(M,Z) = (K,X ) ∗ (L,Y).
We can also construct supercharacter theories of a group from other supercharacter theories of the
same group. The set of supercharacter theories of a finite group form a lattice, the properties of
which are studied in depth in [13]. The join of two supercharacter theories has a particularly nice
description.
Lemma 2.4 ([13, Proposition 3.3]). Let (K1,X1) and (K2,X2) be supercharacter theories of a finite
group G. Then the superclasses of (K1,X1)∨ (K2,X2) correspond to the finest partition of G whose
blocks are unions of blocks of K1 and unions of blocks of K2.
3. The method of little groups
Clifford theory studies the relationship between the irreducible characters of a group G and those
of a normal subgroup N of G. The method of little groups is one application of Clifford theory;
in this section we develop some background from Clifford theory and describe the method of little
groups.
First we will establish some notation. If g, h ∈ G, we will often write hg = hgh−1 and gh = h−1gh.
Similarly, if α : G→ C, the function hα is defined by (hα)(g) = α(gh).
Let G be a finite group with normal subgroup N . If ψ is a character of N , let IG(ψ) denote the
stabilizer of ψ under the conjugation action of G (this is known as the inertial subgroup of ψ).
Lemmas 3.1, 3.2, and 3.4, along with Theorem 3.3 and Corollary 3.5, all follow from results in [9,
Section 11].
Lemma 3.1. Let H be a subgroup of IG(ψ), and let ψ ∈ Irr(N) be a character that can be extended
to a character ψ˜ of H. Then:
(1) ψ˜ is an irreducible character of H;
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(2) if χ is an irreducible character of H/N , then InfHH/N (χ) is an irreducible character of H;
and
(3) the set {ψ˜ · InfHH/N (χ) | χ ∈ Irr(H/N)} is a set of distinct irreducible characters of H and
is independent of the choice of extension ψ˜.
If H = IG(ψ), we can say even more.
Lemma 3.2. Let ψ ∈ Irr(N) be a character that can be extended to a character ψ˜ of IG(ψ). Then
the set
{IndGIG(ψ)(ψ˜ · Inf
IG(ψ)
IG(ψ)/N
(χ)) | χ ∈ Irr(IG(ψ)/N)}
is a set of distinct irreducible characters of G. This set only depends on the orbit of ψ under
the conjugation action of G, and the sets of irreducible characters of G associated to different
conjugation orbits of irreducible characters of N are distinct.
If every irreducible character of N can be extended to a character of IG(ψ), the above construction
in fact produces all of the irreducible characters of G.
Theorem 3.3 (Method of Little Groups). Let G be a finite group, and let N be a normal subgroup
of G such that each ψ ∈ Irr(N) can be extended to a character ψ˜ of IG(ψ). Let S be a set of orbit
representatives of Irr(N) under the conjugation action of G. Then the set of irreducible characters
of G is given by
Irr(G) = {IndGIG(ψ)(ψ˜ · Inf
IG(ψ)
IG(ψ)/N
(χ)) | ψ ∈ S, χ ∈ Irr(IG(ψ)/N)}.
The most common application of the method of little groups is to semidirect products. IfG = N⋊H,
we can identify G/N with H. For a character ψ ∈ Irr(N), let IH(ψ) denote the stabilizer of ψ under
the conjugation action of H. Observe that IH(ψ) ∼= IG(ψ)/N . In this situation, linear characters
of N can always be extended to characters of IG(ψ).
Lemma 3.4. Let G = N ⋊H, let ψ be a linear character of N , and let K ⊆ IH(ψ). For n ∈ N
and h ∈ K, define ψ˜(nh) = ψ(n). Then ψ˜ is an extension of ψ to NK.
A corollary of Lemma 3.4 is that the method of little groups applies to semidirect products with
abelian normal subgroups.
Corollary 3.5. Let G = N ⋊H, with N abelian. Let S be a set of orbit representatives of Irr(N)
under the conjugation action of G. Then
Irr(G) = {IndGIG(ψ)(ψ˜ · Inf
IG(ψ)
IG(ψ)/N
(χ)) | ψ ∈ S, χ ∈ Irr(IH(ψ))}.
We will now establish some notation for the characters described above. Let ψ ∈ Irr(N), K ⊆
IH(ψ), and ψ˜ be the extension described in Lemma 3.4. For χ a character of K, define
(1) ψ ⋊ χ = IndGNK(ψ˜ · Inf
NK
K (χ)).
The dependence on K is implicit in that χ is a character of K.
The remainder of this section will be devoted to establishing a number of properties of the characters
ψ ⋊ χ. It is worth mentioning that the definition of ψ ⋊ χ, along with the following results, make
sense for any class function χ of K (and not just characters).
Lemma 3.6. Let ψ be a linear character of N and let χ be a character of K, with K ⊆ IH(ψ). If
n ∈ N and h ∈ H, then
(ψ ⋊ χ)(nh) =
1
|K|
∑
k∈H
kh∈K
ψ(kn)χ(kh).
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Proof. Let n ∈ N and h ∈ H; then
(ψ ⋊ χ)(nh) = IndGNK(ψ˜ · Inf
NK
K (χ))(nh)
=
1
|N ||K|
∑
m∈N, k∈H
mk(nh)∈NK
ψ(m(kn)(khk
−1
(m−1)))χ(kh)
=
1
|N ||K|
∑
m∈N, k∈H
kh∈K
ψ(m)ψ(kn)ψ(khk
−1
(m−1))χ(kh)
=
1
|K|
∑
k∈H
kh∈K
ψ(kn)χ(kh).

This formula leads to the following lemma.
Lemma 3.7. Let K1 ⊆ K2 ⊆ IH(ψ), and let χ be a character of K1. Then
ψ ⋊ IndK2K1(χ) = ψ ⋊ χ.
Proof. Let n ∈ N and h ∈ H; then
(ψ ⋊ IndK2K1(χ))(nh) =
1
|K2|
∑
k∈H
kh∈K2
ψ(kn)IndK2K1(χ)(
kh)
=
1
|K2|
∑
k∈H
kh∈K2
ψ(kn)
(
1
|K1|
∑
l∈K2
lkh∈K1
χ(lkh)
)
.
If l ∈ K2 and
lkh ∈ K1, then certainly
kh ∈ K2. Furthermore, if l ∈ K2, then ψ(
lkh) = ψ(kh). It
follows that
(ψ ⋊ IndK2K1(χ))(nh) =
1
|K2||K1|
∑
k∈H
l∈K2
lkh∈K1
ψ(kn)χ(lkh)
=
1
|K2||K1|
∑
k∈H
l∈K2
lkh∈K1
ψ(lkn)χ(lkh)
=
1
|K1|
∑
k∈H
kh∈K1
ψ(kn)χ(kh)
= (ψ ⋊ χ)(nh).

For our purposes we will need to describe the products of characters in terms of the method of
little groups. The following lemma is a general result about the products of induced characters.
Lemma 3.8 ([9, Theorem 10.18]). Let H and K be subgroups of a finite group G, and let χ and ψ
be characters of H and K, respectively. If X denotes a set of (H,K) double coset representatives
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of G, then
IndGH(χ)Ind
G
K(ψ) =
∑
x∈X
IndGHx∩K(Res
Hx
Hx∩K(χ
x)ResKHx∩K(ψ)).
Let G = N ⋊H and let ψ1⋊χ1 and ψ2⋊χ2 be characters of G, where χ1 is a character of K1 and
χ2 is a character of K2.
Lemma 3.9. Let X be a set of (K1,K2) double coset representatives of H. Then
(ψ1 ⋊ χ1)(ψ2 ⋊ χ2) =
∑
x∈X
(ψx1ψ2)⋊ (Res
Kx1
Kx1∩K2
(χx1)Res
K2
Kx1∩K2
(χ2)).
Proof. Note that X is also a set of (NK1, NK2) double coset representatives of G. By Lemma 3.8,
(ψ1 ⋊ χ1)(ψ2 ⋊ χ2)
= IndGNK1(ψ˜1 · Inf
NK1
K1
(χ1))Ind
G
NK2(ψ˜2 · Inf
NK2
K2
(χ2))
=
∑
x∈X
IndG(NK1)x∩NK2(Res
(NK1)x
(NK1)x∩NK2
((ψ˜1 · Inf
NK1
K1
(χ1))
x)ResNK2(NK1)x∩NK2(ψ˜2 · Inf
NK2
K2
(χ2))).
We can rewrite the inner portion of each term in the above sum as
Res
(NK1)x
(NK1)x∩NK2
((ψ˜1 · Inf
NK1
K1
(χ1))
x)ResNK2
(NK1)x∩NK2
(ψ˜2 · Inf
NK2
K2
(χ2))
= (Res
(NK1)x
(NK1)x∩NK2
(ψ˜1
x
)ResNK2(NK1)x∩NK2(ψ˜2))
· (Res
(NK1)x
(NK1)x∩NK2
(InfNK1K1 (χ1))
xResNK2(NK1)x∩NK2Inf
NK2
K2
(χ2)).
The first term can be simplified, as
Res
(NK1)x
(NK1)x∩NK2
(ψ˜1
x
)ResNK2(NK1)x∩NK2(ψ˜2) = Res
N(K1)x
N(Kx1∩K2)
(ψ˜x1 )Res
NK2
N(Kx1∩K2)
(ψ˜2)
= ψ˜x1ψ2,
where ψ˜x1ψ2 denotes the extension of ψ
x
1ψ2 to N(K
x
1 ∩ K2) defined in Lemma 3.4. Furthermore,
the second term can be rewritten by noting that
Res
(NK1)x
(NK1)x∩NK2
(InfNK1K1 (χ1))
x = Res
N(K1)x
N(Kx1∩K2)
Inf
N(K1)x
Kx1
(χx1)
= Inf
N(Kx1∩K2)
Kx1∩K2
Res
Kx1
Kx1∩K2
(χx1),
and similarly
ResNK2(NK1)x∩NK2Inf
NK2
K2
(χ2) = Inf
N(Kx1∩K2)
Kx1∩K2
ResK2Kx1∩K2
(χ2).
This means that the second term can be simplified to
Res
(NK1)x
(NK1)x∩NK2
(InfNK1K1 (χ1))
xResNK2(NK1)x∩NK2Inf
NK2
K2
(χ2)
= Inf
N(Kx1∩K2)
Kx1∩K2
Res
Kx1
Kx1∩K2
(χx1)Inf
N(Kx1∩K2)
Kx1∩K2
ResK2Kx1∩K2
(χ2)
= Inf
N(Kx1∩K2)
Kx1∩K2
(Res
Kx1
Kx1∩K2
(χx1)Res
K2
Kx1∩K2
(χ2)).
Substituting these simplifications into the initial equation, we get that
(ψ1 ⋊ χ1)(ψ2 ⋊ χ2)
=
∑
x∈X
IndGN(Kx1∩K2)
(ψ˜x1ψ2 · Inf
N(Kx1∩K2)
Kx1∩K2
(Res
Kx1
Kx1∩K2
(χx1)Res
K2
Kx1∩K2
(χ2)))
=
∑
x∈X
(ψx1ψ2)⋊ (Res
Kx1
Kx1∩K2
(χx1)Res
K2
Kx1∩K2
(χ2)).
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4. Supercharacter theories of semidirect products
In this section we present the main result of the paper and relate this result to the star product.
4.1. Supercharacter theories constructed by the method of little groups. Let G = N⋊H
be a finite group with N abelian, and let L be a lattice of subgroups of H (under the usual meet
and join operations of the subgroup lattice) such that
(L1) H and {1} are in L,
(L2) if K ∈ L and h ∈ H, then hK ∈ L,
(L3) each K ∈ L is equipped with a supercharacter theory, and
(L4) these supercharacter theories are compatible in the sense that induction and restriction
send superclass functions to superclass functions and conjugate subgroups have conjugate
supercharacter theories (more specifically, if χ is a supercharacter of K then χg is a super-
character of Kg).
Remark. The compatibility property given by (L4) is not true of many known supercharacter
theories of families of groups. For example, if G is an algebra group and H is an algebra subgroup,
both with the algebra group supercharacter theory (see Section 5), it is not always the case that
induction sends superclass functions to superclass functions (for a counterexample see [10, Section
6]). However, if H is a left (or right, or two-sided) ideal subgroup of G with the left (or right, or
two-sided) ideal supercharacter theory, then induction and restriction will send superclass functions
to superclass functions.
Suppose that for each ψ ∈ Irr(N) we can choose a subgroup Hψ ∈ L such that our choices of Hψ
satisfy the following properties.
(H1) Hψ is a normal subgroup of IH(ψ).
(H2) For all h ∈ H, we have H(ψh) = (Hψ)
h.
(H3) If 1N denotes the trivial character of N , we have H1N = H.
(H4) If ψ,ϕ ∈ Irr(N), then we have Hψ ∩Hϕ ⊆ Hψϕ.
These conditions may seem restrictive; however, for any lattice L satisfying (L1)–(L4), there are
maximal and minimal choices of Hψ.
Lemma 4.1. Let G = N ⋊H be a finite group with N abelian. If L is any lattice of subgroups of
H satisfying (L1)–(L4), one can always choose
(1) H1N = H and Hψ = {1} for all nontrivial ψ, or
(2) Hψ = IL(ψ) (where IL(ψ) is the maximal element of L contained in IH(ψ)).
These choices of Hψ each satisfy (H1)–(H4), and are the minimal and maximal choices of Hψ,
respectively.
Proof. The fact that these are the minimal and maximal choices of Hψ is clear, and choice (1)
trivially satisfies (H1)–(H4).
Let Hψ = IL(ψ) for all ψ ∈ Irr(N) (note that such IL(ψ) must exist as L is a lattice). As L is
closed under conjugation, IL(ψ) is normal in IH(ψ) and IL(ψ)
h = IL(ψ
h) for all h ∈ H, hence
we have (H1) and (H2). Condition (H3) is clear, and if Kψ ⊆ IH(ψ) and Kϕ ⊆ IH(ϕ), then
Kψ ∩Kϕ ⊆ IH(ψϕ), hence we have (H4). 
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Given a choice of Hψ, consider the set of characters
Sψ = {Ind
IH (ψ)
Hψ
(χ) | χ is a supercharacter of Hψ}.
As Hψ is a normal subgroup of IH(ψ) andH-conjugates of supercharacters are also supercharacters,
each irreducible character of IH(ψ) is a constituent of exactly one character in Sψ (although there
may be supercharacters that induce to the same character of IH(ψ)).
Theorem 4.2. Let S be a set of orbit representatives of Irr(N) under the conjugation action of G.
Then the set of characters defined by
SCh(L) = {ψ ⋊ χ | ψ ∈ S and χ ∈ Sψ}
is a set of supercharacters for a supercharacter theory of G.
Proof. As each irreducible character of IH(ψ) is a constituent of exactly one character in Sψ, it
follows from the method of little groups that every irreducible character of G is a constituent of
exactly one character in SCh(L). Furthermore, the trivial character is in SCh(L). It suffices to
show that the linear span of the characters in SCh(L) is closed under the pointwise product, and
the result will follow from Lemma 2.1.
Suppose that ψ is an irreducible character of N and K ∈ L is a subgroup of Hψ. If χ is a character
of K that is constant on the superclasses, then
ψ ⋊ χ = ψ ⋊ Ind
Hψ
K (χ).
By the assumptions on L, Ind
Hψ
K (χ) is a superclass function of Hψ, hence ψ ⋊ χ is a superclass
function of G.
Let ψ1 and ψ2 be linear characters of N and let χ1 ∈ Sψ1 and χ2 ∈ Sψ2 . By Lemma 3.9, if X is a
set of (Hψ1 ,Hψ2) double coset representatives of G, then
(ψ1 ⋊ χ1)(ψ2 ⋊ χ2) =
∑
x∈X
(ψx1ψ2)⋊ (Res
Hx
ψ1
Hx
ψ1
∩Hψ2
(χx1)Res
Hψ2
Hx
ψ1
∩Hψ2
(χ2))
=
∑
x∈X
(ψx1ψ2)⋊ (Res
Hψx
1
Hψx
1
∩Hψ2
(χx1)Res
Hψ2
Hψx
1
∩Hψ2
(χ2)).
As χx1 is a superclass function of Hψx1 and χ2 is a superclass function of Hψ2 ,
Res
Hψx1
Hψx
1
∩Hψ2
(χx1)Res
Hψ2
Hψx
1
∩Hψ2
(χ2)
is a superclass function of Hψx1 ∩Hψ2 . Furthermore, by the assumptions on the choices of Hψ we
have that Hψx1 ∩Hψ2 ⊆ Hψx1ψ2 . Hence
(ψx1ψ2)⋊ (Res
Hψx1
Hψx
1
∩Hψ2
(χx1)Res
Hψ2
Hψx
1
∩Hψ2
(χ2))
is a superclass function of G, and the linear span of the elements of SCh(L) is closed under the
pointwise product. 
Remark. In a sense, the choice of L does not matter; that is, if L′ is a different lattice of subgroups
that contains all the Hψ, where each Hψ has the same supercharacter theory as it does in L, then
the resulting supercharacter theory of G will not change.
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4.2. Relationship to the star product. Let G = N ⋊ H with N abelian. Let SCT(N) =
(XN ,KN ) be the supercharacter theory of N obtained from the action of the inner automorphisms
of G, and suppose SCT(H) = (XH ,KH) is any supercharacter theory of H. The ∗-product of these
supercharacter theories has supercharacter set
{InfGH(χ) | χ ∈ XH} ∪ {Ind
G
N (χ) | χ ∈ XN − {1N}},
where 1N is the trivial character of N . This set can be written as
{1N ⋊ χ | χ ∈ XH} ∪ {ψ ⋊ 1{1} | ψ ∈ S}
where S is a set of orbit representatives of N under the conjugation action of G and 1{1} is the
trivial character of the trivial subgroup {1} ⊆ H.
Suppose that G = N ⋊H with N abelian and that L is a sublattice of the subgroup lattice of H
satisfying (L1)–(L4). Given choices of Hψ for each ψ ∈ Irr(N), we can consider two supercharacter
theories of G. The method of little groups produces SCh(L); the ∗-product allows us to construct
SCT(N) ∗ SCT(H), where SCT(N) is the supercharacter theory of N obtained from the action of
the inner automorphisms of G and SCT(H) is the supercharacter theory of H (as an element of
L).
Lemma 4.3. The supercharacter theory SCh(L) is a (not necessarily strictly) finer supercharacter
theory of G than SCT(N)∗SCT(H). These supercharacter theories coincide exactly when Hψ = {1}
for all nontrivial ψ ∈ Irr(N).
Proof. The characters {1N ⋊ χ | χ ∈ XH} are all supercharacters of SCh(L) as H1N = H. Fur-
thermore, if ψ is a nontrivial linear character of N and ρ denotes the regular character of Hψ,
then
ψ ⋊ 1{1} = ψ ⋊ Ind
NHψ
N (1{1}) = ψ ⋊ ρ.
As ρ is a superclass function of Hψ, ψ ⋊ 1{1} is a superclass function of G. The final claim follows
from the definition of the ∗-product. 
5. Supercharacter theories of pattern groups
Let g be a nilpotent algebra over Fq. Define the algebra group associated to g to be
G = {1 + x | x ∈ g},
with multiplication defined by (1 + x)(1 + y) = 1 + (x+ y + xy). We will often write G = 1 + g to
indicate that G is the algebra group associated to g. For example, if utn(Fq) denotes the algebra of
strictly upper-triangular matrices with entries in Fq, then UTn(Fq) is the algebra group associated
to utn(Fq).
Given a poset P on [n] that is a subset of the usual linear order, we define the pattern group
associated to P by
UP = {g ∈ UTn(Fq) | gij 6= 0 implies i P j}.
We similarly define the pattern subalgebra
uP = {x ∈ utn(Fq) | xij 6= 0 implies i ≺P j};
note that UP is the algebra group associated to uP . For more details on algebra groups and pattern
groups, see [10, 11, 14].
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Let G = 1 + g be an algebra group; in [10], Diaconis–Isaacs construct a supercharacter theory of
G, which we now present. The group G acts on g by left and right multiplication. Consider the
bijection
f : G→ g
1 + x 7→ x,
and for g ∈ G, let
Kg = {h ∈ G | f(h) ∈ Gf(g)G}.
The actions of G on g by left and right multiplication induce actions of G on the dual space g∗; if
λ ∈ g∗, x ∈ g and g, h ∈ G, let
(gλh)(x) = λ(g−1xh−1).
Let θ : F+q → C
× be a nontrivial homomorphism. For λ ∈ g∗, define
χλ =
|Gλ|
|GλG|
∑
µ∈GλG
θ ◦ f ◦ µ.
Theorem 5.1 (Diaconis–Isaacs, [10]). The functions χλ are characters of G, and
({Kg | g ∈ G}, {χλ | λ ∈ g
∗})
is a supercharacter theory of G.
If G = 1+ g is an algebra group, we will call a subgroup H = 1+ h of G a left (respectively right)
ideal subgroup if h a left (respectively right) ideal of g. If H = 1+ h is a left or right ideal subgroup
of G, there is a coarser supercharacter theory of H described below.
Proposition 5.2. Let θ : F+q → C
× be a nontrivial homomorphism.
(1) If H is a left ideal subgroup of G, there is a supercharacter theory of H with superclasses
defined by
Kg = {h ∈ H | f(h) ∈ Gf(g)H}
and supercharacters given by
χλ =
|Gλ|
|GλH|
∑
µ∈GλH
θ ◦ µ ◦ f.
(2) If H is a right ideal subgroup of G, there is a supercharacter theory of H with superclasses
defined by
Kg = {h ∈ H | f(h) ∈ Hf(g)G}
and supercharacters given by
χλ =
|λG|
|HλG|
∑
µ∈HλG
θ ◦ µ ◦ f.
In order to reproduce Theorem 5.1 using the method of little groups, we will first show that these
subgroups satisfy (L1)–(L4). Lemmas 5.3, 5.4, and 5.5 are stated in terms of left ideal subgroups
but are also true of the set of right ideal subgroups.
Lemma 5.3. The set of left ideal subgroups of G is a sublattice of the subgroup lattice of G.
Proof. The only thing to check is that the join of left ideal subgroups is a left ideal subgroup. Let
a and b be left ideals of g; then certainly 〈(1 + a), (1 + b)〉 ⊆ 1 + (a+ b). Let a ∈ a and b ∈ b; then
1 + (a+ b) = (1 + a)(1 + b− ab+ a2b− a3b+ . . .),
and b− ab+ a2b− . . . ∈ b. Thus the reverse containment holds, and the result follows. 
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Lemma 5.4. Suppose A ⊆ B are left ideal subgroups of G and that α is a superclass function of
A and β is a superclass function of B. Then
(1) IndBA(α) is a superclass function of B, and
(2) ResBA(β) is a superclass function of A.
Proof. Let b ∈ B, with b = 1 + y. Suppose b′ ∈ B is in the same superclass as b, and write
b′ = 1 + gyh, where g ∈ G and h ∈ B. If k ∈ B, then we have
khb′ = 1 + kh(gyh) = 1 + k(hg)ky.
It follows that kb ∈ A if and only if khb′ ∈ A, in which case kb and khb′ are in the same superclass
of A. Thus we have
IndBA(α)(b) =
1
|A|
∑
x∈B
xb∈A
α(xb)
=
1
|A|
∑
x∈B
xhb′∈A
α(xhb′)
= IndBA(α)(b
′),
and IndBA(α) is a superclass function of B. For (2), observe that if two elements of A are in the
same superclass in A then they are in the same superclass in B. 
Lemma 5.5. Suppose that H is a left ideal subgroup of G and χλ is a supercharacter of G. Then
for g ∈ G, we have (χλ)
g = χλg . In particular, (χλ)
g is a supercharacter of Hg.
Proof. Note that
χλ =
|Gλ|
|GλH|
∑
µ∈GλH
θ ◦ µ ◦ f
=
|Gλ|
|G||H|
∑
h∈G
k∈H
θ ◦ hλk ◦ f,
and hence we have
χgλ =
|Gλ|
|G||H|
∑
h∈G
k∈H
θ ◦ g−1hλkg ◦ f
=
|Gλg|
|G||H|
∑
h∈G
k∈H
θ ◦ hgλgkg ◦ f
= χλg .

Let G = 1 + g be a pattern subgroup of UTn(Fq). In order to reconstruct the algebra group
supercharacter theory of G using Theorem 4.2, we need to decompose G as a semidirect product
N ⋊H with N abelian. Let n = k +m, and define
Hk = {g ∈ G | gij = 0 if j > k and j > i},
Hm = {g ∈ G | gij = 0 if i ≤ k and i < j}, and
N = {g ∈ G | gij = 0 if i < j and j ≤ k or i > k}.
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Example 5.1. Let n = 7, k = 3, and m = 4, and G = UT7(Fq); we have
Hk =




1 ∗ ∗ 0 0 0 0
0 1 ∗ 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


∈ UT7(Fq)


,
Hm =




1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 ∗ ∗ ∗
0 0 0 0 1 ∗ ∗
0 0 0 0 0 1 ∗
0 0 0 0 0 0 1


∈ UT7(Fq)


, and
N =




1 0 0 ∗ ∗ ∗ ∗
0 1 0 ∗ ∗ ∗ ∗
0 0 1 ∗ ∗ ∗ ∗
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


∈ UT7(Fq)


.
Observe that
(1) Hk is isomorphic to a pattern subgroup of UTk(Fq) and Hm is isomorphic to a pattern
subgroup of UTm(Fq);
(2) N is abelian; and
(3) if H = Hk ×Hm, then G = N ⋊H.
Let L be the lattice of subgroups of Hk×Hm of the form Kk×Km, with Kk a right ideal subgroup
of Hk and Km a left ideal subgroup of Hm. Equip Kk ×Km with the direct product of the right
ideal supercharacter theory of Kk and the left ideal supercharacter theory of Km.
We will denote by h, hk, hm and n the algebras f(H), f(Hk), f(Hm), and f(N). We have that
(1) the irreducible characters of N are exactly the elements of the form ψλ = θ ◦ λ ◦ f , where
λ ∈ n∗; and
(2) for h = (hk, hm) ∈ H and x ∈ n,
h(1 + x) = 1 + hkxh
−1
m .
For each ψλ ∈ Irr(N), define Hψλ = IL(ψλ).
Example 5.2. Once again let n = 7, k = 3, and m = 4, and let G = UT7(Fq). Define λ ∈ n∗ by
λ(x) = x15 + x37.
In other words, λ(x) is determined by the entries denoted by ◦ below:

1 0 0 ∗ ◦ ∗ ∗
0 1 0 ∗ ∗ ∗ ∗
0 0 1 ∗ ∗ ∗ ◦
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


.
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For this choice of λ, Hψλ will be the subgroup
Hψλ =




1 0 0 0 ◦ 0 0
0 1 ∗ 0 0 0 0
0 0 1 0 0 0 ◦
0 0 0 1 0 ∗ 0
0 0 0 0 1 ∗ 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


∈ Hk ×Hm


,
where once again the entries labeled with ◦ are the entries which determine λ. For comparison,
note that IH(ψλ) is the subgroup
IH(ψλ) =




1 0 a 0 ◦ 0 0
0 1 ∗ 0 0 0 0
0 0 1 0 0 0 ◦
0 0 0 1 0 ∗ 0
0 0 0 0 1 ∗ a
0 0 0 0 0 1 0
0 0 0 0 0 0 1


∈ Hk ×Hm


where a ranges over the elements of Fq. Note that IH(ψλ) is an algebra group but not a pattern
group.
Theorem 5.6. For each ψλ ∈ Irr(N), define Hψλ = IL(ψλ). These choices of Hψλ produce the
same supercharacter theory of G as described in Theorem 5.1.
Proof. Fix an element η ∈ g∗. Let λ = η|n, and define
Kk = {h ∈ Hk | hλ = λ} and
Km = {h ∈ Hm | λh = λ}.
Note that Kk is a right ideal subgroup of Hk, Km is a left ideal subgroup of Hm, and
K = Kk ×Km = IL(ψλ).
Denote f(K), f(Kk) and f(Km) by k, kk and km.
Let µ = η|k; note that µ can be written uniquely as µk ⊕ µm, where µk ∈ k
∗
k and µm ∈ k
∗
m. Let
rµ = {x ∈ kk | µk(xy) = 0 for all y ∈ hk} and
lµ = {x ∈ km | µk(yx) = 0 for all y ∈ hm},
and denote the corresponding algebra groups by Rµ and Lµ. Then the supercharacters of K under
the direct product of the right ideal supercharacter theory of Kk and the left ideal supercharacter
theory of Km are the elements
χµ = Ind
K
Rµ×LµRes
K
Rµ×Lµ(θ ◦ µ ◦ f).
Observe that
ψλ ⋊ χµ = ψλ ⋊ Res
K
Rµ×Lµ(θ ◦ µ ◦ f)
= IndGN(Rµ×Lµ)(θ ◦ (µ|rµ⊕lµ ⊕ λ) ◦ f).
We also have
n⊕ rµ ⊕ lµ = {x ∈ g | gηh(x) = η(x) for all g ∈ NHm, h ∈ NHk},
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and it follows that
{ν ∈ g∗ | ν|n⊕rµ⊕lµ = η|n⊕rµ⊕lµ} = NHmηNHk.
We now have
IndGN(Rµ×Lµ)(θ ◦ (µ|rµ⊕lµ ⊕ λ) ◦ f) =
1
|G|
∑
g∈G
∑
ν∈g∗
ν|n⊕rµ⊕lµ=η|n⊕rµ⊕lµ
θ ◦ gνg−1 ◦ f
=
1
|G|
∑
g∈G
∑
ν∈NHmηNHk
θ ◦ gνg−1 ◦ f
=
|NHmηNHk|
|G||H||N |2
∑
g∈G
∑
(hk,hm)∈H
a,b∈N
θ ◦ g(ahkηbhm)g
−1 ◦ f
=
|NHmηNHk|
|G|2
∑
g1,g2∈G
θ ◦ g1ηg2 ◦ f
=
|NHmηNHk|
|GηG|
∑
ν∈GηG
θ ◦ ν ◦ f.
Note that NHm×NHk is a normal subgroup of G×G, hence orbit representative choice does not
affect |NHmηNHk|. 
Our construction yields supercharacters which might differ from those defined in Theorem 5.1 by
a constant multiple, depending on whether |NHmηNHk| and |Gη| are equal. In the case that
G = UTn(Fq), we in fact have that |NHmηNHk| = |Gη|, although in general it seems to be
unknown whether these orbits are of equal size.
6. Supercharacter theories of unipotent groups of other types
In [7], the author constructs supercharacter theories of a large collection of unipotent groups which
includes the unipotent orthogonal, symplectic, and unitary groups. This construction generalizes
supercharacter theories constructed by Andre´–Neto in [6, 4, 5]. In this section we review this
construction and reproduce it using the method of little groups.
6.1. Supercharacter theories of unipotent groups defined by anti-involutions. Let q a
power of an odd prime and let G be a pattern subgroup of UT2n(Fqk) for some n and k. Let g
be the corresponding subalgebra of ut2n(Fqk), considered as an Fq-algebra. Let † : g → g be an
algebra anti-involution such that (αeij)
† ∈ F×
qk
ej¯ i¯ for all α ∈ F
×
qk
and i < j (where i¯ = n + 1 − i).
For g = 1 + x ∈ G, define g† = 1 + x†; this gives an anti-involution of G. Consider the group
U = {u ∈ G | u† = u−1},
along with the corresponding Lie algebra
u = {x ∈ g | x† = −x}.
There are actions of G on u and u∗ defined by
g · x = gxg† and
(g · λ)(x) = λ(g−1xg−†)
for g ∈ G, x ∈ u, and λ ∈ u∗.
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Let
h =
{
x ∈ g
∣∣∣∣ xij = 0 if j ≤ n2
}
,
and define H = h+ 1.
Theorem 6.1 ([7, Theorem 6.1]). Let f be any Springer morphism (as in [7]) and let θ : F+q → C
×
be a nontrivial homomorphism. For u ∈ U and λ ∈ u∗, define
Ku = {v ∈ U | f(v) ∈ G · f(u)} and χλ =
|H · λ|
|G · λ|
∑
µ∈G·λ
θ ◦ µ ◦ f.
We have the following.
(1) The functions χλ are characters of U .
(2) The partition of U given by K = {Ku | u ∈ U}, along with X = {χλ | λ ∈ u
∗}, form a
supercharacter theory of U . This supercharacter theory is independent of the choice of θ
and f .
In order to reproduce this supercharacter theory via the method of little groups, we need to de-
compose U as a semidirect product. For each h ∈ UTn(Fqk), define h˜ ∈ UTn(Fqk) by(
I 0
0 h˜
)
=
(
h 0
0 I
)†
.
Note that if (
h 0
0 I
)
is an element of G, then (
h 0
0 h˜−1
)
is in U . Consider the subgroups of U given by
H =
{(
h 0
0 h˜−1
) ∣∣∣∣
(
h 0
0 I
)
∈ G
}
and
N =
{(
I x
0 I
) ∣∣∣∣
(
0 x
0 0
)
∈ u
}
.
Observe that N is an abelian normal subgroup of U and U = N ⋊ H as an internal semidirect
product. Furthermore, H is isomorphic to a pattern subgroup of UTn(Fq) under the isomorphism
ϕ :
(
h 0
0 h˜−1
)
7→ h.
Define h = f(H) and n = f(N). Note that the irreducible characters of N are exactly the elements
of the form ψλ = θ ◦ λ ◦ f , where λ ∈ n
∗. Let
n¯ = {x ∈ g | xij = 0 if i > n or j ≤ n}.
Given λ ∈ n∗, define λ¯ ∈ n¯∗ by λ¯(x) = 12λ(x− x
†). Note that λ¯|n = λ.
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Let L be the lattice of subgroups of H that map to right ideal subgroups under the isomorphism
ϕ. Each A ∈ L is equipped with a supercharacter theory with supercharacters
{χ ◦ ϕ | χ is a right ideal supercharacter of ϕ(A)}.
It will be useful to describe these supercharacters in terms of the functionals µ ∈ a∗, where a = f(A).
Let M be the subgroup of G defined by
M =
{(
I 0
0 h
)
∈ G
}
,
and let
Rλ = f
−1(rλ), where rλ = {x ∈ a | (m · λ)(x) = λ(x) for all m ∈M}.
Then the supercharacters of A are the functions
χλ = Ind
A
Rλ
(θ ◦ λ ◦ f).
(We should mention at this point that the supercharacters of algebra groups can be constructed
using any Springer morphism f in place of the usual g 7→ g − 1 map. The choice of Springer
morphism has no effect on the resulting supercharacter theory.)
For ψλ ∈ Irr(N), let
Hψλ = {h ∈ H | hλ¯ = λ¯}.
Note that ϕ(Hψλ) is a right ideal subgroup of UTn(Fq), and for h
−1 ∈ Hψλ and x ∈ n,
(h−1 · ψλ)(f
−1(x)) = θ(λ(hxh−1))
= θ(λ¯(hxh−1))
= θ(λ¯(xh−1))
= θ(λ¯(h(−x†)))
= θ(λ¯(−x†))
= ψλ(f
−1(x)).
It follows that Hψλ ⊆ IL(ψλ). Furthermore, if k ∈ IL(ψλ), then kλ¯k
−1 = λ¯, hence k−1λ¯ = λ¯k−1.
This means that, for h ∈ Hψλ,
khk−1λ¯ = khλ¯k−1 = λ¯,
and Hψλ is in fact normal in IL(ψλ), satifying condition (H1). If µ = kλk
−1 for some k ∈ H, then
µ¯ = kλ¯k−1,
from which it follows that
H(ψλ)k = Hψ(λk) = H
k
ψλ
,
and condition (H2) holds. Condition (H3) is clear, and (H4) follows from the fact that ψλ+µ = ψλψµ.
Theorem 6.2. The above choices of Hψ produce the same supercharacter theory of U as in Theo-
rem 6.1.
Proof. Let η ∈ u∗ be a functional and let λ = η|n. Define hψλ = f(Hψλ) and let µ = η|hψλ . We
claim that
χη = ψλ ⋊ χµ.
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We have that
ψλ ⋊ χµ = ψλ ⋊ Ind
Hψλ
Rµ
Res
Hψλ
Rµ
(θ ◦ µ ◦ f)
= ψλ ⋊ Res
Hψλ
Rµ
(θ ◦ µ ◦ f)
= IndUNRµRes
NHψλ
NRµ
(θ ◦ (λ⊕ µ) ◦ f)
= IndUNRµRes
U
NRµ(θ ◦ η ◦ f).
Note that
n⊕ rµ = {x ∈ u | (k · η)(x) = η(x) for all k ∈ K},
hence n ⊕ rµ = uη, where uη = f(Uη) is as defined in [7, Section 6]. This means that NRµ = Uη,
and
ψλ ⋊ χµ = Ind
U
UηRes
U
Uλ
(θ ◦ η ◦ f) = χη.

The motivations for this construction are the unipotent orthogonal, symplectic and unitary groups
in even dimension. Each of these groups is defined by an anti-involution with the required proper-
ties.
6.2. Unipotent orthogonal groups. Let
U = UO2n(Fq) = {g ∈ UT2n(Fq) | g
−1 = JgtJ}
be the unipotent orthogonal group, where q is a power of an odd prime. The group U is defined
by the anti-involution x 7→ JxtJ of ut2n(Fq). It follows that there is a supercharacter theory of U
as described in Theorem 6.2, and furthermore that this supercharacter theory coincides with that
produced in [7, Section 6] and with the earlier construction of Andre´–Neto in [4, 5]. The semidirect
product decomposition of U as U = N ⋊H has
H =
{(
h 0
0 Jh−tJ
) ∣∣∣∣ h ∈ UTn(Fq)
}
and
N =
{(
I x
0 I
) ∣∣∣∣ x ∈ on(Fq)
}
,
where on(Fq) = {x ∈ gln(Fq) | Jx
tJ = −x}. This means that U is isomorphic to the external
semidirect product UTn(Fq)⋊ on(Fq), where on(Fq) is considered as an additive group and the left
action of UTn(Fq) on on(Fq) is given by h · x = hxJhtJ .
6.3. Unipotent symplectic groups. Let
U = USp2n(Fq) = {g ∈ UT2n(Fq) | g
−1 = −ΩgtΩ}
be the unipotent symplectic group, where
Ω =
(
0 J
−J 0
)
.
The group U is defined by the anti-involution x 7→ −ΩxtΩ of ut2n(Fq). It follows that there is a
supercharacter theory of U as described in Theorem 6.2, and furthermore that this supercharacter
theory coincides with that produced in [7, Section 6] and with the earlier construction of Andre´–
Neto in [4, 5]. The semidirect product decomposition of U as U = N ⋊H has
H =
{(
h 0
0 Jh−tJ
) ∣∣∣∣ h ∈ UTn(Fq)
}
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and
N =
{(
I x
0 I
) ∣∣∣∣ x ∈ o⊥n (Fq)
}
,
where o⊥n (Fq) = {x ∈ gln(Fq) | Jx
tJ = x}. This means that U is isomorphic to the external
semidirect product UTn(Fq)⋊ o⊥n (Fq), where o
⊥
n (Fq) is considered as an additive group and the left
action of UTn(Fq) on o⊥n (Fq) is given by h · x = hxJh
tJ .
6.4. Unipotent unitary groups. Let
U = UU2n(Fq2) = {g ∈ UT2n(Fq2) | g
−1 = JgtJ}
be the unipotent unitary group, where gij = (gij)
q and q is a power of an odd prime. The group
U is defined by the anti-involution x 7→ JxtJ of ut2n(Fq2) (considered as an Fq-algebra). It follows
that there is a supercharacter theory of U as described in Theorem 6.2, and furthermore that
this supercharacter theory coincides with that produced in [7, Section 6]. The semidirect product
decomposition of U as U = N ⋊H has
H =
{(
h 0
0 Jh
−t
J
) ∣∣∣∣ h ∈ UTn(Fq2)
}
and
N =
{(
I x
0 I
) ∣∣∣∣ x ∈ un(Fq2)
}
,
where un(Fq2) = {x ∈ gln(Fq2) | Jx
tJ = −x}. This means that U is isomorphic to the external
semidirect product UTn(Fq2) ⋊ un(Fq2), where un(Fq2) is considered as an additive group and the
left action of UTn(Fq) on un(Fq2) is given by h · x = hxJh
t
J .
7. Coarser supercharacter theories of UTn(Fq)
One advantage of considering supercharacter theories in terms of the method of little groups is that
it is often easy to modify supercharacter theories to obtain coarser or finer supercharacter theories.
Suppose G = N ⋊H with N abelian and that L′ ⊆ L are two sublattices of the subgroup lattice
of H satisfying (L1)–(L4). Furthermore, suppose that
(1) the supercharacter theory assigned to each K ∈ L′ is (not necessarily strictly) coarser than
the supercharacter theory assigned to K as an element of L; and
(2) for each ψ ∈ Irr(N), the subgroups H ′ψ ∈ L
′ and Hψ ∈ L have H
′
ψ ⊆ Hψ.
Lemma 7.1. The supercharacter theory of G corresponding to the lattice L′ and the subgroups H ′ψ
is (not necessarily strictly) coarser than the the supercharacter theory of G corresponding to the
lattice L and the subgroups Hψ.
Proof. Let ψ ∈ Irr(N) and let χ be a supercharacter ofH ′ψ. Then ψ⋊χ = ψ⋊Ind
Hψ
H′
ψ
(χ); as Ind
Hψ
H′
ψ
(χ)
is a superclass function of Hψ, ψ⋊χ is a superclass function of G in the supercharacter theory of G
corresponding to the lattice L and the subgroups Hψ. It follows that the supercharacter theory of
G corresponding to the lattice L′ and the subgroups H ′ψ is at least as coarse as the supercharacter
theory of G corresponding to the lattice L and the subgroups Hψ. 
Cautionary Example. Let G = N⋊H be any semidirect product with N abelian; we can choose
(1) L = {Normal subgroups of H} under their usual character theory, and
(2) L′ = {Normal subgroups of H} under the supercharacter theories formed from conjugation
action of H.
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As long as Hψ = H
′
ψ for all ψ ∈ Irr(N), these two choices of lattice will give the same supercharacter
theory of G, even though in general the supercharacter theories of the elements of L′ can be strictly
coarser than those in L.
As an example, we construct a collection of supercharacter theories of UTn(Fq) which are coarser
than the usual supercharacter theory and have nice indexing sets for the superclasses and super-
characters. If G = 1 + g is an algebra group and K = 1 + k is a subgroup with k a two-sided ideal
of g, there is a supercharacter theory of K with superclasses
Kg = {h ∈ K | f(h) ∈ Gf(g)G}
and supercharacters
χλ =
∑
µ∈GλG
θ ◦ µ ◦ f.
This result is a consequence of Theorem 5.1; the supercharacter theory will be referred to as the
supernormal supercharacter theory of K (see [17] for more on supernormal subgroups).
To construct a supercharacter theory of UTn(Fq), let n = m+ k, and let H = Hk ×Hm and N be
as in Section 5. Let L be the lattice of subgroups of H of the form Kk ×Km with Kk = 1 + kk,
Km = 1+ km, and kk and km two-sided ideals of utk(Fq) and utm(Fq), respectively. We equip such a
subgroup Kk ×Km with the direct product of the supernormal supercharacter theories of Kk and
Km. For each ψ ∈ Irr(N), let Hψ = IL(ψ). Observe that
(1) this choice of lattice L and of Hψ satisfies (L1)–(L4) and (H1)–(H4), and
(2) by Lemma 7.1 the resulting supercharacter theory is coarser than the usual supercharacter
theory.
We will refer to this supercharacter theory as SCT (n, k).
If n = f(N), the irreducible characters of N are exactly the elements ψλ = θ ◦ λ ◦ f , where λ ∈ n
∗.
We have that
Hψλ =
{
h ∈ H
∣∣∣∣ hij = 0 if there exist i′ and j′ withλ(ei′j′) 6= 0 and i′ ≤ i < k or k < j ≤ j′
}
.
Example 7.1. Let n = 7, k = 3, and m = 4, and let G = UT7(Fq). Define λ ∈ n∗ by
λ(x) = x15 + x36.
In other words, λ(x) is determined by the entries denoted by ◦ below:

1 0 0 ∗ ◦ ∗ ∗
0 1 0 ∗ ∗ ∗ ∗
0 0 1 ∗ ∗ ◦ ∗
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


.
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For this choice of λ, Hψλ will be the subgroup
Hψλ =




1 0 0 0 ◦ 0 0
0 1 0 0 0 0 0
0 0 1 0 0 ◦ 0
0 0 0 1 0 0 ∗
0 0 0 0 1 0 ∗
0 0 0 0 0 1 ∗
0 0 0 0 0 0 1


∈ H


,
where once again the entries labeled with ◦ are the entries that determine λ. For comparison, note
that in the usual supercharacter theory of UT7(Fq), the subgroup Hψλ consists of the elements
Hψλ =




1 0 0 0 ◦ 0 0
0 1 ∗ 0 0 0 0
0 0 1 0 0 ◦ 0
0 0 0 1 0 0 ∗
0 0 0 0 1 0 ∗
0 0 0 0 0 1 ∗
0 0 0 0 0 0 1


∈ H


.
The supercharacters and superclasses of UTn(Fq) under the algebra group supercharacter theory
are indexed by Fq-set partitions (see [18, Section 2] for details). To each Fq-set partition η, we
assign representatives gη ∈ UTn(Fq) and λη ∈ utn(Fq)∗, and define supercharacters and superclasses
corresponding to η. Let
Kη = Kgη and χη =
|UTn(Fq)λUTn(Fq)|
|UTn(Fq)λ|
χλη .
where Kgη and χλη are as in Theorem 5.1. The pair ({Kη}, {χη}) gives the same supercharacter
theory of UTn(Fq) as in Theorem 5.1, and has the advantage that
χη =
∑
µ∈UTn(Fq)ληUTn(Fq)
θ ◦ µ ◦ f
and
χη =
∑
ψ(1)ψ,
where the sum is over some set of irreducible characters ψ.
We can describe the supercharacters and superclasses of SCT (n, k) in a similar manner to those of
the algebra group supercharacter theory. If an Fq-set partition η has the property that if i
a
⌢ j is
an arc of η with i ≤ k < j, then there are no arcs in λ of the form i′
a′
⌢ j′ with i < i′ < j′ ≤ k or
k < i′ < j′ < j, we will call η a k-nonnesting Fq-set partition.
Given an Fq-set partition η, let
ηk =
{
i
a
⌢ j ∈ η
∣∣∣∣ there are no i′ a
′
⌢ j′ ∈ η with
i < i′ < j′ ≤ k < j or i ≤ k < i′ < j′ < j
}
and
η˜k =
{
i
a
⌢ j ∈ η
∣∣∣∣ there are no i′ a
′
⌢ j′ ∈ η with
i′ < i < j ≤ k < j′ or i′ ≤ k < i < j < j′
}
.
In other words, we obtain ηk and η˜k from η by two different methods of removing arcs that prevent
η from being a k-nonnesting Fq-set partition.
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Example 7.2. Let n = 12, k = 5, and m = 7, and
η =
1 2 3 4 5 6 7 8 9 10 11 12
a1
a2
a3
a4
a5 a6
;
then we have
ηk =
1 2 3 4 5 6 7 8 9 10 11 12
a1
a2 a4
a5 a6
and
η˜k =
1 2 3 4 5 6 7 8 9 10 11 12
a1 a3
a4
a5 a6
.
The constructions ηk and η˜k each define an equivalence relation on the set of Fq-set partitions. In
both cases, the equivalence classes are indexed by the k-nonnesting Fq-set partitions. It follows
that the two relations have the same number of equivalence classes.
If Kη denotes the superclass of UTn(Fq) associated to the Fq-set partition η in the algebra group
supercharacter theory, let
K[η]k =
⋃
ν˜k=η˜k
Kν .
Similarly, if χη is the supercharacter associated to η in the algebra group supercharacter theory as
defined above, let
χ[η]k =
∑
νk=ηk
χν .
Theorem 7.2. The characters χ[η]k , along with the subsets K[η]k , are the supercharacters and
superclasses of SCT (n, k). If η and ν are Fq-set partitions and g ∈ K[ν]k , we have that
χ[η]k(g) =


χ[η]k(1)
χη(1)
χη(g) if there are no i
a
⌢ j ∈ η and i′
a′
⌢ j′ ∈ ν
with i < i′ < j′ ≤ k < j or i ≤ k < i′ < j′ < j,
0 otherwise.
Proof. Let G = UTn(Fq) and g = utn(Fq). Choose α ∈ g∗, and let λ = α|n. We have that
Hψλ =
{
h ∈ H
∣∣∣∣ hij = 0 if there exist i′ and j′ withλ(ei′j′) 6= 0 and i′ ≤ i < k or k < j ≤ j′
}
,
where ψλ = θ ◦ λ ◦ f . Define hψλ = f(Hψλ), and let µ = α|hψλ . The supercharacter of SCT (n, k)
associated to λ and µ is
ψλ ⋊
∑
β∈HψλµHψλ
θ ◦ β ◦ f = IndGNHψλ
(∑
β∈S
θ ◦ β ◦ f
)
=
∑
β∈g∗
β|n⊕hψλ
∈S
θ ◦ β ◦ f,
where S = NHψλ(λ⊕µ)NHψλ , by [7, Lemma 4.5]. Note that if β ∈ g
∗ and θ ◦β ◦f is a constituent
of χη, then β ∈ {γ ∈ g
∗ | γ|n⊕hψλ ∈ NHψλ(λ⊕ µ)NHψλ} if and only if ηk = νk, where θ ◦ α ◦ f is a
constituent of χν . It follows that the supercharacters of SCT (n, k) are {χ[η]k}.
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There are no i
a
⌢ j ∈ η and i′
a′
⌢ j′ ∈ ν with i < i′ < j′ ≤ k < j or i ≤ k < i′ < j′ < j if and
only if g ∈ NHψλ . Furthermore, χ[η]k is the character of G obtained by inducing the supernormal
supercharacter of NHψλ associated to λ⊕ µ to G. It follows that
χ[η]k(g) =


χ[η]k(1)
χη(1)
χη(g) if there are no i
a
⌢ j ∈ η and i′
a′
⌢ j′ ∈ ν
with i < i′ < j′ ≤ k < j or i ≤ k < i′ < j′ < j,
0 otherwise,
and the superclasses of SCT (n, k) are the sets K[ν]k . 
Observe that
(1) SCT (n, 0) = SCT (n, n), and this supercharacter theory is just the usual algebra group
supercharacter theory,
(2) SCT (n, k) is strictly coarser than the usual algebra group supercharacter theory for all
1 ≤ k ≤ n− 1, and
(3) If 1 ≤ k < k′ ≤ n− 1, then SCT (n, k) and SCT (n, k′) are incomparable.
If S ⊆ [n], we define SCT (n, S) to be the lattice-theoretic join of the supercharacter theories
SCT (n, k) for all k ∈ S. The following results follow from Lemma 2.4.
(1) If S ( T , then SCT (n, S) is strictly finer than SCT (n, T ).
(2) If S and T are incomparable, then so are SCT (n, S) and SCT (n, T ).
(3) The supercharacters and superclasses of SCT (n, [n]) are indexed by the nonnesting Fq-set
partitions.
The supercharacter theory SCT (n, [n]) is investigated in more depth by the author in [8].
8. Further directions
Unfortunately, the method of little groups cannot be applied to the groups UO2n+1(Fq) or UU2n+1(Fq2)
as there is no semidirect product decomposition with an abelian normal subgroup. There is some
hope that a modification of the method could work, however; UO2n+1(Fq) has a normal subgroup
N ∼= on(Fq) with G/N ∼= UTn+1(Fq) (a similar statement can be made for UU2n+1(Fq2)). In these
cases it is not in general true that each ψ ∈ Irr(N) can be extended to a character of IG(ψ). Hope-
fully the construction can be modified to a group G with abelian normal subgroup N even when N
is not the normal complement of any subgroup of G and irreducible characters of N cannot be ex-
tended to their inertial subgroups. If so, it seems that the supercharacter theories of the unipotent
orthogonal and unitary groups in odd dimension could be recovered from right ideal supercharacter
theories.
It would be also of interest to investigate finer supercharacter theories in the orthogonal, symplectic,
and unitary types. Note that the choices of Hψ in Theorem 6.2 are not always maximal, and as such
there is a finer supercharacter theory that can be constructed from the same lattice. Furthermore,
these supercharacters will each be of the form
χ = c
∑
λ∈S
θ ◦ λ ◦ f
for some constant c and some subset S ⊆ u∗.
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The supercharacter theory SCT (n, [n]) described in Section 7 has supercharacters and superclasses
indexed by the nonnesting Fq-set partitions. In [8], the author calculates the supercharacter table
of this supercharacter theory and generalizes it to arbitrary pattern groups. This leads to the
construction of a Hopf monoid on the nonnesting supercharacter theories that is analogous to the
one constructed in [1].
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